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NOTE ON THE IMPORTANCE OF IMPERFECT-CAS EFFECTS AND
VARTATTION OF HEAT CAPACITIES ON THE
ISENTROPIC FLOW OF GASES
By Coleman duP. Donaldson

SUMMARY

The errors involved iIn using the perfect—gas law pv = RT and the
assumption of constant heat capaclties are evaluated. The basic equations
of gas flows taking Into account these phenomena. separetely and at the
seme time are presented.

TNTRODUCTION

The conventional method of obtaining high Mach numbers for
serodynamic tests 1s to accelerate the air by means of a pressure '
difference so that the random kinetic energy of the molecules of air at
rest is converted into kinetic energy in the test section., For very
high Mach numbers this masy occaslon high stagnation temperstures and
rressures which introduce effects due to the vibrational heat capacilty
and molecular forces and size such that the perfect—ges law pv = RT
and the assumption of constant heat capaclties may be no longer
sufficlently accurate to evaluate gas flows.

It is the purpose of this paper to present formulas which are
sulteble for handling such problems and to point out the magnitude of
the errors that may be involved in using the perfect—gas law and the
assumption of constant heat capacities.

Tgien {reference 1) has published & theoretical discussion of
thls problem in which certain spproximetions were introduced in order
to obtain solutions that were in a very neat form when the imperfect—
gas effects were moderate. A comparison of Tesien's results with
this work is presented to show the magnitude of these approximations.

In England Goldsteln has previously investigated this problem
at moderate temperstures and pressures in order to prove the small
megnitude of imperfect-gas and vibrational-heat—capacity effects in
most supersonlc wind tunnels. This report indicates, in genersl, the
range 1n which these effects are small but does not present formulas for
hendling problems in gas dynamics when these effects are large.
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The present paper is srrenged in the followlng three parts: - .
temperature effects on perfect—gas flows due to varietion of heat .
capacities; imperfect—gas effects on geses without variation of . -
beat. capacities; and gas:flows 1n which both effects are present. o
This is done since the formulas in the first part may prove use—
ful to those dealing with the flow of hot exhaust gases and since
it may bring out more clearly the differences between the two effects.

SYMBOLS
a term in Van der Waals' egquatlon correc'bing for the ‘
effect of molecular forces —
b term in Van der Waals' equation correcting for the
effect of molecular size

c speed of sound, feet per suc@
CP heat capacity at cons'_ta.nt Jressure o - _-3:
Cy heat capacity at constant volumse - -
E. energy, Foot~pounds
M \ Mach number (w/c)

presgure,’ pounds per square foot .

gas constant - ' - . o . ‘_
T abgolute temperature, degreoes Fahrenheit B
v specific volume, cublc feel per slug _
v velocity, feet per second

oy ' | ratio of heat capacities (Cp/C.)

o density, slugs per cublc foot
6 characteristlic temperature 6f molecular vibration
Subscriptse: . .
o ‘ stagnatlion conditions

c critical conditions __
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Errars Involved in Assuming Constant Specific Heats in the
Presence of High Temperstures in a Perfect Gas

For & pei'fect gaes with constant heat capacities the equation for
conservetion of energy of & steady lsentropic process may be written as

2 .
CT + 92 = CT,

I thie eq_ua.tion 1s combined with the equation for the isentropic speed
of sound c2 = ')'RT the resulting equation is

e iy () @

If the expansion 1s lsentropic, the pressure and density ratios
correspondling to the Mach number are

_Q;(v_pfcp/R

and 8 (2)
% (B

However, 1f the temperature of the gas 1s high enocugh the heat
capacities may not be assumed constant because the vibrational degrees
of freedom of polyatamic molecules are excited. The varilation of the
equllibrium value of the heat capacity at constant volume of a perfect
distomic gas 1s found from quantum mechanical conslderstions to be of
the form

T30 g

(@ 2

vhere € 1s a constant depending on the gas. The formila may be used
for the mixture air if the value of 6 1is placed equal to 5526 when
gbsolute temperature is mesasured 1n degrees Fahrenheit. (See the
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appendix,) The value of the heat capaclty at constant pressure for a - .
perfect gas 1s then . - .

2 /T

S 1,08 - e,
R 2+<T'E7T,_1)2 _ O N

.. L=

Figure 1 1s a plot of equation (4) and shows that the heat capacity
may not be considered consteant above 6000 F sbsolute.

When the heat cepaclty at constent pressure varies according to
equation (4) the energy equation must be written

Tg |
Rf -ﬁ?-dT+-]2-\r?=0 (5)
7 __ _ :

Substituting equation (4) into equation (5) and integrating yields

—%BL + We = TRIG + — R0 (6)
/0-1

The Mech number i1s obtained from equation (6) by dividing through
by .7RT = 02, which glves i _ L

w-I( 1), 29<69/Tz_1'ee/;_1> ¢

where . ) : . _

Cp/R 7(e8/T - 1)% 4 2(-%)2e9/T
SR 5(e0/T — 1)? + o)/

Y = (8)

The pressure ratio corresponding to this Mach num'ber is obtained from _
the isentroplc equation _ L -
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T
log 2 = %par (9)
Po To R T

by substituting equation (4) into equation (9) apd integrating to give

6 /T o &8/T0

) T ¢8/T1 To 6/T
'pl=(Tl'7/2‘l—9——— [To \T €0/t Mo g6/Tay (10)
°© © l—ee/'Il

Similarly, the density ratio is found to be

5/2 1 _ /To \T 08/T1 To ¢6/To_;

Lo <£> e (11)
po TO 1 - ee T '

The differences involved in the use of equations (1) and (2) to predict
the temperature, density, and pressure ratios corresponding to a given
Mach number are given in figures 2(a) and 2(b), in terms of the percentage
differences from the value given by equatioms (7), (10), and (11) for
stagnation temperatures of 1000° and 2000° F gbsolute.

It 1s seen that the assumption of constant heat capacity lesds to
appreclable differences in applying the .lsentropic law for a perfect gas
if stagnation temperatures above 1000° F absolute are involved,

Brrors Involved in the Adsumption of the Perfect—Ges
Law pv = RT for a Gas with Constant Heat Capacities

In order to evaluate flows in which imperfect-gas effects are present,
an equation of state that takes into account these effects mmst be chosgen.
For the purposes of this paper an equation which takes into account the
effects of molecular forcee and silze should be sufficlent.

A sultable equation is that of Van der Wasals

(p +v-_52-)(v—b) = RT (12)
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vhere b 1is a term correcting for the volume occupled by the molecules
and a 18 a term correcting for the effect of molecular forces,

Figure 3 1s a graph of Van der Wasals' equation In which the quanti-

tles p, v, and T have been made nondimsnsional by dividing by the velues

of these quantities at the critical point ps, vo, and T., thus making

the graph sulteble for any ges. (See reference 2.) The graph may be used
for air if an empirical critical point (pe = 37.2 atm, T = 238,5C F abs.,
v, = 0.6438 slugs/rt3) is assigned to that mixture of oxygen and nitrogen.
To give this critical point the values of g, b, and R for air when the
pressure ls measured 1n pounds per square foot, 'bhe gpecific volume in
cublc feet per slug and the absolute temperature in degrees Fahrenheit

are & = 8,78 x 109, b = 0.654, and R = 1T16.

The proper equation for an isentroplc expension of ‘a real gas is
. (see reference 3) :

= op - =0 _ '
dE = Cy 4T + [T@T)wcomtant] dv = 0 (13)

which for Van der Waals! equation becomses

dE:CvdT+pd.v+-;_%dv=O (1%)

Equation (14) may be written as

d.'E=Cvd.T+d(pv)—vdp+-§é—dv 0

and slnce v dp = w dw

dE.=CvdT+d(pv)+-§2-dv+wdw o (15)
v . . .

Assuming constent heat capacity at constant volume and 1ntegra.t1ng
equation (15) glves . -

= CyT + v<p - -v%) + _w2£.= anstan‘b = ]_iio | _ (16)
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This 1s then the energy equation for a Van der Wasls gas. Dividing

through by the isentropic speed of sound

and since
v2 v-Db +v2
then
RT
EC""T°+2v°<v_3—f_%‘;§>—ecVT—2v(vREb—§S‘)
MR = \
' (1+% _éﬂ_a_%a
(v — D)

The value of v for an isontroplc expansion to be placed in
equation (18) cen be formed from equation (14) as follows:

& v = BL_ gv =
C-v-dT+pd.v+72dv Oy 4T+ P25 dv 0

then

and i1f C, 1s constant

v = (vo - 'b)(%?)cvm +b

(17)

(18)

(19)

(20)

From equations (18) and (20), knowing the stagnation conditions for

an expansion from T, to T, the Mach number may be calculated.
pressure ratio is then found to be

The
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BT __ &
D v—> . : (
2 21)
Po RTO -

Vo = Db v°2-

and substituting the value of v from squetion (20) we obtailn

RT . a8
Or/R - o/ 12
- ' Uy
_I% _ (vo b)( ) [('Vo - b)<-¢,9) o+ 'b] (o)
o RT, a
Vo — D - Voe _

Figure 4 shows the conventiocnal pressure ratio and ares
ratio pw/(pw)p=1 plotted against Mach mumber for air starting from
stagnation conditions of 5200 F ebsolute and various pressures compared
with the value obtalned using comstant ratio of heat capacitles and the
perfect—gas law.

Also shown in figure 4 are the values of pw/(gw)Mﬁl computed by
Telen's method, It 1 seen that as the lmperfect—gas effects becoms

large 1t 1s no longer possible to gimplify the analysis by neglecting

terms containing the squares of _% and -2, although Tsien's results

2
pve
ere In good sgreement at 50 atmospheres when the Van der Waals effect
is moderate.

geas

== (14 Cv) —¥BL_ 2 (17)

(T _ b)2 v

is not equal to 7RT. The expression for the ratio of specific heats in
a Van der Waals gas 1s

we :

R pve + &
7=l+-c-—( - )
28b
'V_pvz_a_l_._%._

It is interesting to note that the speed of sound in g Van der Waals

(23)



The value of the heat-capaclty ratlo 7 is plotted In figure 5 as g function of the pressure
for alr at room temperature (520° F abs.).

Tt must be remeuwbered that these valuss of ¥ are important for ca.imllating the relationship
between physical quantities In gaa flows but that these lerge cheriges In 7 have only a amall

effect on the farces measwred on a body In e wind tunnsl, the impartant pearameter in the cass of
forces being the Mach mmber in the test sectionm.

Formulas for the Flow of an Imperfect Gas with Varlable Healt Capacilties
Fram equation (15) substituting the value of Cy from equation {3) gives

5 . (8)° o/t |
- R-E-+(-T-)———9————2dT+a(pv)+f-é-dv+waw=o (24)
(o - 3) |
and the energy equation becames
| 2R6 - 8\ I
5RT+———-—--+2v(p-' )+v2=0mstant _ 25)
eeﬂ -1 v ’ (
thus
RR(T; — T) + /ERG - 9;9 _G<_R?_0_T_E_a_é_> gv\RTb_Eg>
8/t e/T — 1 vo— P v, b v
V- e ' "¢ —1 (26)
- 1 1 +"RT  2a
5 -
2.(0F & |er-wF T

4TCQT "ON WM VOVM




The value of v 1o be used in this equation may be found from equation (19) B
v —5> T daT
1o — m .—E —_— o
e Yo-v Jn R T (27)

-

Substituting the value of %I from equation (3) into equation (27) and integrating ylelds

5 1 - /T i BT g BT
1 r=-l 1 -
08—'—'—5 OB-T-+08 ,ﬁfl'o-'- ? 9/T0_1 TQBfT_l

J.""'U

s (o o8 g o0/ )
TO)DI'": 1-e &/F \"o o8/Ta1 T o6/T 1/

(28)

a
v—b 2
.,?:n-ﬁ,,__.__"‘? (21)
4 .---.Q——....._.

h
=
o
HICBT “ON WM VOVN
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The value of the ratio of heat capacities 7 in this case is

5., <Q>2 o8/T . pve + &
2 T 2 2ab
? = — (1) wo-es 2 (29)
2, (2)2 __ 8
. 2 T (ee/T _ 1)2

but the speed of sound is found from equation (17) by substituting the
value of Cy/R from equation (3) to be

@ = |1+ 1 7 vaRgL____gg
o2 o0/T (v-1)2 ¥

Figure 6 shows the conventional pressure ratio and ares ratio plotted
agalnst Mach number for alr sterting from stagnation conditions of
2000° T gbsolute end various pressures compared with the value obtained
using constant ratio of heat cepacities and the perfect—gas law.

DISCUSSION

The foregolng analyses show that the effects of veriation of heat
capacities with temperature do not becams important in isentropic expansions
of air until stegnation temperatures of the order of 1000° F absolute are
encountered. Above 1000° F absolute, however, for accurate analysis this
veriation must be taken into account, In general, 1t may be stated that

o8/T

o/ - 1)

2
for dlatomlc gases these effects are important when (%)

becomes appreciable compared to the numbser 2.5.

The effects of Van der Waals' forces become important when either
the temperature is extremely low for near atmospheric pressures or the
pressure very high for moderate temperatures., These forces mst be
taken into account when the value of a/v2 becomes eppreciable compared
to the pressure p, or b becomes apprecisble compared to v. For air
these effects are unimportant until stagnation pressures of the order
of 50 atmospheres at gtagnation temperature of 520° F absolute are
encountered.
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Taien's method agrees well with the results of this investigation
up to 50 atmospheres in this case, but 1t appears that 1t is not

possible to neglect the squared terms of . h- and —%— vhert the effects
. vep
of Van der Wagls! forces become appreciable.

CONCLUSIONS

In many cases found in very high Mech number wind tummels and in
flows of high stagnation temperature or pressure,.imperfect—gas effects
and the effects of variation of heat capacities may be present.

For diatomic gases the effect of variation of heat capacities becomes

. o/T .

important when, <E) -——JiJL———E becomss appreciable compared to 5/2.
(27 )

For alr these effects become appreclable when stagnation conditions of

1000° F absolute or larger are encountered.

Imperfect—gas effects became important in gas dynamics when a/v2
becomes apprecisble compared to the pressure p or b becomes appreclable
compared to +v. When alr 1s expanded from a stagnation temperature
of 5200 F sbsolute these effects become important if the stagnation pressures
ere of the order of 50 atmospheres or greater.

Formulas are presented for handling isentroplc expansions taking into
account these phenomens both seperately and at the same time. Tslen's
method is found to be applicable for small depertures from a perfect gas
but is not accurete when the effects of Van der Waals' forces become
appreclable.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics

Langley Field, Va.
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APPENDIX
DERIVATION OF THE VIBRATTIONAT. HEAT CAPACTTY COF A DIATOMIC GAS

. To arrive at the vibrational heat capacity of a dlatomic gas, the
individual molecules are treated as linesr harmonic osclllators of s
fundamental frequency and Shr&dinger's equation is solved for the
allowable energy states of such an oscillator, These allowable states
are then substituted into the equatlon for the canonical energy distribu—
tion and the average energy per particle as a function of the sbsolute
temperature 1s found, This may be differentiated to obtain the
contribution of the vibrational degrees of freedom of the molecule %o

the heat capacity of the gas at any temperature.

The average vlbretionsl energy per particle found in this way is
(see references 4 and 5) .

ﬁ=%+_4ﬁ_

o /kT -1
where
h Plenck's constant
v characteristic frequency of mdl@culer vibration
T absolute tempersture

Differentiating to obtaln the contribution to the heat cepacity of this ,
energy ylelds

Cyib _ 1 3E _ (M)E ghV/KT
R k oT kT (th/kT _ 1)2
hv

For a particular gas = 9 1s a constant and may be determined from
spectroscoplic data. The heat capacity at constent pressure is then

%
R

o

Crib _ 7 . /8\2 8 /T
"R —2+(T> (SQ;T_1>2
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The value of 6 for oxygen is 4010,k and for nitrogen is 604t .k for
absolute temperatures measured in d.egrees Fahrenhelt, The value 5526
may be usged for air,

1. Teien, Hsue—Shen: One-Dimensional Flows of a Gas Characterized by
van der Waals! Equation of State. dJour., Math. and Fhys.,
vol, XXV, no. 4, Jan. 1947, pp. 301--32k,

2, Jeans, James: An Introduction to the Kinetic Theory of Gases.
Cambridge Univ. Press, 1946, pp. 9698,

3. Epsteln, Paul S.,: Textbook of Thermodynemics. John Wiley & Sons, Inc,,
1937, pp. 6465, S

L, Frenkel, J.: Wave Mechanics. FElementary Theory. Second ed., Oxford
Univ, Press, 1936, pp. T7-80.

5. Lindsay, Robert Bruce: Introduction to Physical Statistics.
John Wiley & Sons, Inc., 1941, pp. 53-59.
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Figure 1.- Variation of heat capacity, at constant pressure with temperature as given by equation (4).
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Figure 2.~ Percent error involved in the use of constant-heat-capacity
formulas to obtain T/T , p/po,, end p/p, for air.
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Figure 2.~ Concluded.
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Flgure 3.- Van der Waals' equation in nondimensional form.
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Figure 5.- Variation of the ratio of specific heats .y for a Van der
Weals gas. T, = 520° F &bs. _
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Figure 6.- Pressure ratio and area ratlo plotted agsinst Mach mumber for air (heat capacity and
' imperfect-gas effects considered). T, = 2000° F abs.
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